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Abstract

Due to the over-parameterization nature, neu-
ral networks are a powerful tool for nonlinear
function approximation. In order to achieve
good generalization on unseen data, a suitable
inductive bias is of great importance for neu-
ral networks. One of the most straightforward
ways is to regularize the neural network with
some additional objectives. `2 regularization
serves as a standard regularization for neural
networks. Despite its popularity, it essentially
regularizes one dimension of the individual
neuron, which is not strong enough to control
the capacity of highly over-parameterized neu-
ral networks. Motivated by this, hyperspheri-
cal uniformity is proposed as a novel family
of relational regularizations that impact the
interaction among neurons. We consider sev-
eral geometrically distinct ways to achieve
hyperspherical uniformity. The effectiveness
of hyperspherical uniformity is justified by
theoretical insights and empirical evaluations.

1 Introduction

As one of the most effective ways to control the capacity
of over-parameterized neural networks, regularization
serves an important role to prevent overfitting and
improve generalization. Current prevailing weight reg-
ularizations can be divided into two major categories:
Individual regularization and relational regularization.
Taking n d-dimensional neurons w1, · · · ,wn ∈ Rd from
one layer of the neural network as an example, we typ-
ically can have the following regularization:

Lreg = λI ·
∑n

i=1
h(wi)︸ ︷︷ ︸

Individual Regularization

+ λR · g(w1, · · · ,wn)︸ ︷︷ ︸
Relational Regularization

where h defines a function that independently describes
some properties of the individual weight wi (e.g., `p
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norm), and g is a function that characterizes the in-
teraction between different weights w1, · · · ,wn (e.g.,
orthogonality). Individual regularization (e.g., weight
decay) is typically used by default in neural networks,
while relational regularization tends to be overlooked.
Individual regularization essentially regularizes only
one dimension of the weights (from the view of spherical
coordinate systems [7]), which is not strong enough for
highly over-parameterized neural networks. In contrast,
relational regularization can be viewed as regularizing
d− 1 dimensions of the weights, and encodes stronger
inductive bias with relational information. Individual
and relational regularizations usually serve complimen-
tary roles to each other and can be used simultaneously.
In this paper, we study the importance of a suitable
relational regularization for over-parameterized models
(e.g., neural networks) and explore a novel family of the
relational regularizations – hyperspherical uniformity.

Hyperspherical uniformity characterizes the diversity
of vectors on a unit hypersphere. Different from or-
thogonality where perpendicular vectors are defined
to be diverse, hyperspherical uniformity encourages
vectors to be spaced apart with as large an angle as
possible such that these vectors can be uniformly dis-
tributed over the hypersphere. In order to promote
hyperspherical uniformity with an explicit regulariza-
tion, we formulate several distinct learning objectives
that are conceptually appealing and geometrically in-
terpretable. Specifically, we consider minimum hyper-
spherical energy (MHE) [46], maximum hyperspherical
separation (MHS), maximum hyperspherical polariza-
tion (MHP), minimum hyperspherical covering (MHC),
and maximum Gram determinant (MGD). Different
regularization objectives yield distinct geometric inter-
pretations and optimization dynamics. Moreover, we
draw inspiration from statistical uniformity testing on
the hypersphere and provide a novel and unified view
on understanding these learning objectives.

The motivation to encourage hyperspherical unifor-
mity lies in three aspects. First, we argue that hyper-
spherical uniformity leads to better optimization and
generalization. [83] proves that optimizing one-hidden-
layer neural networks with hyperspherically uniform
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neurons has no spurious local minima. [46, 45] empiri-
cally show that promoting hyperspherical uniformity
of neurons can effectively improve the generalization
of neural networks. Interestingly, hyperspherical uni-
formity implicitly regularizes the neurons to be close
to the initialization, partially implementing Occam’s
razor to keep neural networks as simple as possible (see
Section 7). Second, hyperspherical uniformity can re-
move neuron redundancy and encourage the neurons to
be diverse on the hypersphere. In the light of [71] that
shows deeply learned neurons are highly redundant,
hyperspherical uniformity can serve as a useful regular-
ization to remove such redundancy. Third, hyperspher-
ical uniformity has a clear geometric interpretation
and theoretical merits. There exists a close connection
between hyperspherical uniformity and orthogonality.
The effectiveness of hyperspherical uniformity can also
be justified from multiple theoretical viewpoints. Our
contribution can be summarized as follows:

• We introduce a general property – hyperspherical
uniformity as a regularizer for neural networks.

• To achieve hyperspherical uniformity, we propose sev-
eral well-performing approaches (MHC, MHS, MHP,
MGD) with distinct geometric interpretations.

• We establish a connection between hyperspherical
uniformity and orthogonality, showing that hyper-
spherical uniformity is a more general property.

• We provide some insights and discussions on the
geometric and spectral properties and regularization
effects of hyperspherical uniformity.

• We apply hyperspherical uniformity to a number of
applications and demonstrate superior performance
over existing regularizations such as orthogonality.

2 Related Work

Relational regularizations. There are quite a num-
ber of relational regularizations that have been used
in neural networks, such as orthogonality regulariza-
tion [4, 52, 67, 32, 15], unitary constraint [34, 81, 3],
decorrelation [67, 16, 85], spectral regularization [86],
low-rank regularization [76], angular constraint [84, 44],
etc. Most of these relational regularizations are either
directly based on orthogonality or based on some no-
tions related to orthogonality (e.g., correlation). Quite
differently, hyperspherical uniformity encourages neu-
rons to be uniformly distributed over the hypersphere.

Hyperspherical learning. [51, 52, 49, 48, 50, 80, 79,
20, 19, 60, 14, 47] propose to learn representations
on hypersphere and show that angular information in
neural networks, in contrast to magnitude, preserves
the key semantics and is very crucial to generalization.
[46] regularizes the diversity of neurons on hypersphere
by minimizing their pairwise energy. [45] explores how
projections can help to better minimize such energy.

3 Connection between Hyperspherical
Uniformity and Orthogonality

Before we discuss specific methods to achieve hyper-
spherical uniformity, we first reveal an interesting con-
nection between hyperspherical uniformity and orthog-
onality with the following theoretical statement:

Theorem 1. For ε, δ > 0 and d ≥ max(4, δ−2ε−1),
every orthonormal basis V = {v1, · · · ,vd} in Rd is
ε-δ-uniform distributed on the unit hypersphere S(Rd),
i.e., for every Borel set A ⊆ S(Rd), we have

P
(∣∣∣∣Card(V ∩R(A))

Card(V )
− u(A)

∣∣∣∣ ≤ δ) ≥ 1− ε (1)

where Card(·) denotes the cardinality of a set, R(A)
is a random rotation of A, and u denotes the uniform
probability measure over S(Rd).

Theorem 1 can be obtained from [26] and is related to
concentration of measure [56] and Raz’s lemma [66]. It
shows that uniformly sampling a basis from the orthog-
onal group in high dimensions gives an approximate
uniform distribution on S(Rd), implying that any or-
thogonal basis is approximately uniformly distributed
over the hypersphere in high dimensions. This result
bridges hyperspherical uniformity and orthogonality,
implying hyperspherical uniformity is more general.
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Figure 1: Cross-polytope.

More interestingly, enforcing hy-
perspherical uniformity for 2d+2
vectors in Sd leads to a cross-
polytope [87]. Fig. 1 presents a
3-dimensional cross-polytope in
S2 (with 6 vectors). We assume
that there exists a unit-vector
set with d + 1 vectors in total:
{v1, · · · ,vd+1 ∈ Sd}. Then we
construct a new set with 2d + 2 vectors by adding
all vectors with opposite direction to the original set:
{v1, · · · ,vd+1,−v1, · · · ,−vd+1 ∈ Sd}. Promoting hy-
perspherical uniformity for these 2d + 2 vectors (in
the new set) is actually equivalent to promoting pair-
wise orthogonality among the original d + 1 vectors
(in the original set). This equivalence builds a strong
connection between hyperspherical uniformity and or-
thogonality. We will discuss this further in Section 4.6.

4 Towards Hyperspherical Uniformity

We design multiple learning objectives to achieve hyper-
spherical uniformity and discuss their close connections.
MHE was first proposed in our previous work [46], while
the others are part of the contributions in this work.

4.1 Minimum Hyperspherical Energy

Inspired by the Thomson problem [78] where one seeks
to find an equilibrium state with minimum potential
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energy that distributes N electrons on a unit sphere
as evenly as possible, MHE [46, 45] encourages hyper-
spherical diversity and defines the following learning
objective for n d-dimensional vectors (e.g., neurons)
Wn = {w1, · · · ,wn ∈ Rd} in the same layer:

min
{ŵ1,··· ,ŵn∈Sd−1}

{
Es(Ŵn) :=

n∑
i=1

n∑
j=1,j 6=i

Ks(ŵi, ŵj)
}

(2)

where ŵi := wi

‖wi‖ is the i-th vector projected onto the

unit hypersphere Sd−1 = {ŵ ∈ Rd| ‖ŵ‖ = 1}. Ks(·, ·)
models the interaction between two vectors, and we will
typically consider the following Riesz s-kernel function:

Ks(ŵi, ŵj) =

 ρ(ŵi, ŵj)
−s, s > 0

log(ρ(ŵi, ŵj)
−1), s = 0

−ρ(ŵi, ŵj)
−s, s < 0

(3)

where ρ(·, ·) is defined to measure the geodesic simi-
larity on the unit hypersphere. In general, we can use
either ρ(ŵi, ŵj) = ‖ŵi − ŵj‖2 (i.e., standard Riesz
s-kernel) or hyperspherical geodesic distance (i.e., angu-
lar distance) ρ(ŵi, ŵj) = arccos(ŵ>i ŵj). Moreover, it
is known that the minimizer of this pairwise energy sum
asymptotically corresponds to the uniform distribution
on the hypersphere [46, 41, 11]. Since the objective
of MHE is non-convex and differentiable, we typically
optimize it with gradient descent. Different s usually
yields slightly different regularization effects and opti-
mization dynamics. MHE has been extensively studied
and shown to be effective in many applications [46].

4.2 Maximum Hyperspherical Separation

MHS adopts a maximum geodesic separation criterion
by maximizing the separation distance (i.e., the small-

est pairwise distance in a vector set, denoted as ϑ(Ŵn))
which is equal to the smallest geodesic distance between
any two vectors in the set Ŵn = {ŵ1, · · · , ŵn ∈ Sd−1}:

max
{ŵ1,··· ,ŵn∈Sd−1}

{
ϑ(Ŵn) := min

i 6=j
ρ(ŵi, ŵj)

}
(4)

which is formulated as a max-min optimization problem.
It is originally called Tammes problem [77] (or sphere
packing problem) where one packs a given number of
circles on the surface of a sphere such that the minimum
distance between circles can be maximized. Similar
to MHE, ρ(·, ·) can be either Euclidean distance or
geodesic distance on the unit hypersphere. Based on
the following proposition, we can obtain that MHS is
in fact a limiting case of MHE when s→∞.

Proposition 1. Let n ∈ N, n ≥ 2 be fixed and (Sd−1, ρ)
be a compact metric space. Then we have that

lim
s→∞

(
εs(Sd−1, n)

) 1
s =

1

δρn(Sd−1)
(5)

where we define εs(Sd−1, n) := minŴn⊂Sd−1 Es(Ŵn)

and δρn(Sd−1) := maxŴn⊂Sd−1 ϑ(Ŵn).

Compared to MHE that has a global regularization
effect, MHS focuses more on the local separation since
it only takes the minimal geodesic distance into con-
sideration. Specifically, MHS only updates two vectors
with smallest angular distance at each iteration, while
MHE updates all vectors in each iteration. When the
vectors are relatively diverse on the hypersphere, MHS
tends to have stronger regularization effects than MHE.
This is because the MHS gradient resulted from the two
closest vectors has only one direction component and
will not be cancelled out. In contrast, the MHE gradi-
ent that comes from all the vectors has many direction
components and may be largely cancelled out. More
intuitively, MHS only activates the repulsive force from
the closest vectors at a time while MHE simultaneously
activates the repulsive force from all pairwise vectors.

Optimizing MHS is straightforward and efficient. We
first need to use a ranking operator to rank all the
pairwise distances and obtain the vectors with the
smallest distance (i.e., maximal similarity). Then we
can simply maximize the minimal distance by updating
these two closest vectors via gradient ascent.

4.3 Maximum Hyperspherical Polarization

MHP arises from a practical problem: if Ks(v, ŵi) de-
notes the amount of a substance received at v due to
an injector of the substance located at ŵi, what is the
smallest number of injectors and their corresponding
optimal locations on the hypersphere so that a pre-
scribed minimal amount of the substance can reach
every point on the hypersphere? Specifically, MHP
maximizes the following s-polarization Ps(Ŵn) of a

n-vector set Ŵn = {ŵ1, · · · , ŵn ∈ Sd−1}:

max
{ŵ1,··· ,ŵn∈Sd−1}

{
Ps(Ŵn) := min

v∈Sd−1

n∑
i=1

Ks(v, ŵi)
}

(6)

which is a max-min problem and amounts to identifying
the optimal location of “poles” for the potential func-
tion. Similar to MHE, the potential can be modeled by
Riesz s-kernel (e.g., K(v, ŵi) = ρ(v, ŵi)

−s). We show
an intrinsic relationship between MHE and MHP:

Proposition 2. For every n ∈ N, n ≥ 2 and a compact
metric space (Sd−1, ρ), we have that

Ps(Sd−1, n) ≥ εs(Sd−1, n+ 1)

n+ 1
≥ εs(Sd−1, n)

n− 1
(7)

where Ps(Sd−1, n) := maxŴn⊂Sd−1 Ps(Ŵn).

Next, we show an interesting example where the maxi-
mal s-polarization problem can be easily solved.

Proposition 3. For the case of s = −2 and n ≥ 2,
a vector configuration on Sd−1: Ŵ = {ŵ1, · · · , ŵn}
is an optimal solution for the maximal s-polarization
problem if and only if

∑n
i=1 ŵi = 0.
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Proposition 3 inspires us to propose a relaxed MHP
(R-MHP) regularization objective: minŴn

‖
∑n
i=1 ŵi‖.

Although it only corresponds to a specific maximal
(−2)-polarization solution, R-MHP can still serve as
an interesting relaxed variant of the original MHP reg-
ularization for neurons. Geometrically, R-MHP can
be viewed as constraining the mass center of all the
points to the origin. Note that, R-MHP is a neces-
sary condition to achieve hyperspherical uniformity,
and therefore is unable to guarantee hyperspherical
uniformity. Moreover, there exists a trivial solution
for R-MHP to achieve the optimum, where every two
vectors are paired to have the opposite directions. Typ-
ically the data fitting loss in training can prevent the
neurons from falling into such a trivial solution. Al-
ternatively we can make the number of neurons to be
odd to eliminate the existence of such a trivial solution,
since the neurons can no longer be paired in this case.

To optimize the standard MHP, we propose to unroll
the inner minimization with a few gradient descent
steps and then embed it back to the outer maximization,
which is conceptually similar to [18, 23, 58, 2].

4.4 Minimum Hyperspherical Covering

MHC minimizes the following covering radius α(Ŵn)

(also known as mesh norm) of a n-vector set Ŵn:

min
{ŵ1,··· ,ŵn∈Sd−1}

{
α(Ŵn) := max

v∈Sd−1
min

1≥i≥n
ρ(v, ŵi)

}
(8)

where the covering radius α(Ŵn) denotes the maximum
geodesic distance from a vector in Sd−1 to the nearest
vector in Ŵn, and can also be viewed as the geodesic
radius of the largest hyperspherical cap that contains
no points from Ŵn. Covering radius has interesting
applications in numerical integration on the sphere [74].
We further show that MHC is the limiting case of the
maximal s-polarization (i.e., MHP) as s→∞.

Proposition 4. For a compact metric space (Sd−1, ρ),
we can have the following equation:

lim
s→∞

(
Ps(Sd−1, n)

) 1
s =

1

ηρn(Sd−1)
(9)

where ηρn(Sd−1) := minŴn⊂Sd−1 α(Ŵn) is the minimal

n-point covering radius in Sd−1.

Proposition 4 shows that MHC is a special case of
MHP. However, it is highly nontrivial to effectively
optimize the MHC objective since it involves two inner
optimizations. One simple and straightforward way is
to alternatively optimize this min-max-min problem.
Alternatively, we also propose to use a smooth mini-
mum operator is to approximate and relax the most
inner minimization in order to make it differentiable,
such that we can then use the unrolling technique to

solve the relaxed optimization. Specifically, we can
relax Eq. 8 to the following simpler problem:

min
{ŵ1,··· ,ŵn∈Sd−1}

max
v∈Sd−1

− 1

γ
log

n∑
i=1

exp
(
−γρ(v, ŵi)

)
(10)

whose inner maximization can be unrolled with a few
gradient ascent steps, similar to MHP. Larger γ gives
better approximation to the minimum operator.

4.5 Maximum Gram Determinant

Inspired by numerical integration [74] and interpola-
tion [35], hyperspherical uniformity can be achieved by
maximizing the determinant of the kernel Gram matrix
of the n-vector set Ŵn = {ŵ1, · · · , ŵn ∈ Sd−1}:

max
{ŵ1,··· ,ŵn∈Sd−1}

log det

(
G :=

(
K(ŵi, ŵj)

)n
i,j=1

)
(11)

where det(G) denotes the determinant of the kernel
gram matrix G ∈ Rn×n, and K(u,v) can be expanded
with

∑∞
i=1 ψi(u)ψi(v). {ψi}∞i=1 is an orthogonal basis

of HK(Sd−1), the reproducing kernel Hilbert space of
K. By approximating the kernel with the first n terms,
then we can have that G̃ = ΨnΨ>n ≈ G in which

Ψn =

ψ1(ŵ1) · · · ψn(ŵ1)
...

. . .
...

ψ1(ŵn) · · · ψn(ŵn)

 . (12)

Therefore, maximizing det(G) can be approximated by
maximizing |det(Ψn)| which is also known as extremal
systems [74] or Fekete points [55, 6, 35]. Note that,
the construction of Fekete points is independent of the
choice of basis. We can therefore use Gaussian kernel:

K(u,v) = exp
(
−

d∑
i=1

ε2(ui − vi)2
)

(13)

where ε > 0 is a scale parameter. It is also possible
to use some other kernel functions, but we stick to
the Gaussian kernel for simplicity. Geometrically, the
kernel Gram determinant is also closely related to n-
dimensional volume of the parallelotope formed by Ŵn.

4.6 Theoretical Results on Optimality

Computing the optimal solutions to these optimizations
is highly challenging and often infeasible [11]. Fortu-
nately, under conditions on the dimensionality and the
number of vectors, we can characterize the optimum.

Theorem 2 (Simplex optimum for 2 ≤ n ≤ d + 2).
Let f : (0, 4]→ R be a convex and decreasing function
defined at t = 0 by limv→0+ f(v). If 2 ≤ n ≤ d+2, then
we have that the vertices of regular (n − 1)-simplices
inscribed in Sd with centers at the origin minimize the
MHE objective on the hypersphere Sd (d ≥ 2) with the
kernel as Ks(ŵi, ŵj) = f(‖ŵi − ŵj‖2). Moreover, f
is strictly convex and strictly decreasing, then these are
the only energy minimizing n-point configurations.
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Theorem 2 indicates that the vertices of a regular (d+
1)-simplex (i.e., (d + 1)-dimensional convex hull of
d+2 distinct vectors with equal pairwise distances) are
universally optimal. Universal optimality [17] refers to
a finite subset C ⊂ Sd that minimizes potential energy∑
{x 6=y}∈Sd f(‖x−y‖2) among all configurations of |C|

points on Sd for every completely monotonic potential
function f . Particularly, the vertices of a regular (d+1)-
simplex are the minimizer of MHE with the Riesz s-
kernel (for s ≥ −2), MHS, and MHC.

Theorem 3 (Cross-polytope optimum for n = 2d+ 2).
The vertices of the n

2 -cross-polytope form a universally
optimal n-point configuration on Sd.

Theorem 3 can be obtained from [11, 17, 38, 87] and
it indicates the cross-polytope point configurations are
the minimizer of MHE and MHS. A cross-polytope
can be constructed by the convex hull of unit vectors
pointing along each Cartesian coordinate axis. For ex-
ample, the convex hull of 6 points: (0, 0,±1), (0,±1, 0),
and (±1, 0, 0) is a 3-cross-polytope. Most importantly,
this result builds a bridge that intrinsically connects
hyperspherical uniformity and orthogonality. Orthogo-
nality works in a relatively restricted setting and can be
viewed as a special case of hyperspherical uniformity.

It is easy to verify that both simplex and cross-polytope
form optimal point configurations in S1 and S2. The-
orem 2 and Theorem 3 essentially show that such a
conclusion generalizes intuitively to high dimensional
space. Moreover, [17] shows that there is no universally
optimal point set on Sd that contains more points than
the regular simplex and fewer points than the cross-
polytope (i.e., d+2 < n < 2d+2). For n > 2d+2, char-
acterizing optimum becomes much more involved [11].

5 A Statistical Perspective from
Uniformity Testing on Hypersphere

This section aims to gain more interesting insights
by casting an alternative view on hyperspherical uni-
formity from a statistical uniformity testing perspec-
tive. Since we aim to promote hyperspherical uni-
formity, we can draw inspirations from the formula-
tion of the test statistic in uniformity testing. Given
i.i.d. samples u1, · · · ,un ∈ Sd−1 of a unit random
vector u, the assessment of the presence of unifor-
mity on the hypersphere is formalized as the testing of
the null hypothesis H0 : P = Uniform(Sd−1) against
H1 : P 6= Uniform(Sd−1), where P denotes the proba-
bility distribution of u and Uniform(Sd−1) denotes the
uniform distribution on Sd−1.

The intuitive idea of the Sobolev test is to map the
hypersphere Sd−1 into the Hilbert space L2(Sd−1, µ)
of square-integrable functions on Sd−1 by a function
t : Sd−1 → L2(Sd−1, µ) such that, if u is uniformly

distributed on the hypersphere, then the mean of t(u)
will be zero. Specifically, we denote εk (pd,k = dimεk)
as the space of eigenfunctions Sd−1 → R corresponding
to the k-th non-zero eigenvalue of the Laplacian, there
exists a well-defined mapping tk : Sd−1 → εk which
can be written as tk(u) :=

∑pd,k
i=1 gi,k(u)gi,k ({gi,k}

pd,k
i=1

constructs an orthonormal basis of εk). We let {vk}∞k=1

be a sequence such that
∑∞
k=1 v

2
kpd,k < ∞, and then

the function u→ t(u) :=
∑∞
k=1 vktk(u) is a mapping

from Sd−1 to the Hilbert space L2(Sd−1, µ) of square-
integrable real functions on Sd−1 w.r.t. µ which is
the uniform measure on Sd−1. The Sobolev test [5, 24]
rejects H0 for large values of the following test statistic:

Sn :=
1

n

n∑
i,j

∞∑
k=1

v2k〈tk(ui), tk(uj)〉 (14)

where 〈f, g〉 :=
∫
Sd−1 f(u)g(u)dµ(u) denotes the inner

product on L2(Sd−1, µ). [61] gives an explicit form for
〈tk(ui), tk(uj)〉 in Sd−1 (assuming d > 2):

〈tk(ui), tk(uj)〉 = (1 +
2k

d− 2
)C

(d−2)/2
k (u>i uj) (15)

where Cαk (·) denotes the Gegenbauer polynomial of
index α and order k. The asymptotic distribution
of Sn under H0 is the infinite linear combination of
independent chi-squared distribution

∑∞
k=1 v

2
kX 2

pd,k
.

Connection to MHE. Let vk = 0 when k is even and
vk = (πk)−1 when k is odd. As one of the Sobolev test,
Ajne test [61, 1] uses the following test statistic:

An =
n

4
− 1

nπ

∑
1≤i<j≤n

arccos(u>i uj) (16)

which rejects H0 for large values. It is well connected
to MHE in the sense that both MHE and Eq. (16) are
formulated based on pairwise relations. More specif-
ically, Minimizing Eq. (16) w.r.t. {ui}ni=1 is in fact
equivalent to MHE with Riesz s-kernel where s = −1.

Connection to R-MHP. Rayleigh test [65], which
is a special case of the Sobolev test (with v1 = 1 and
vk = 0 for k ≥ 2), gives the test statistic in Sd−1:
Rn = nd‖ū‖2 where ū := 1

n

∑n
i=1 ui. Rn is asymptot-

ically distributed as X 2
d under H0. Therefore, ‖ū‖ is

approaching to zero, which exactly matches the objec-
tive function of the R-MHP.

Connection to MHS and MHC. Spacing tests on
S1 are constructed from the gaps between the ordered
samples (i.e., θi+1>θi,∀i): di := θi+1 − θi where i =
1, · · · , n−1 and dn := 2π−(θn−θ1). A special spacing
test, called Range test [64], has the following statistic:
Tn := 2π −maxi di which rejects H0 with low values.
Then we have the following proposition that builds
connection among range test, MHS and MHC:

Proposition 5. Maximizing the statistic of range test
on S1 is equivalent to MHS and MHC on S1.
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In summary, there is a close connection between sta-
tistical uniformity testing on the hypersphere and our
proposed objectives towards hyperspherical uniformity.
Revisiting classic uniformity tests can not only help
us to gain more insights, but also inspire more useful
ways to promote hyperspherical uniformity.

6 Discussions

Removing collinearity. Promoting hyperspherical
uniformity may lead to the neuron collinearity problem,
which causes redundancy and is therefore undesirable
in neural networks [68, 71]. In order to address this, we
use the virtual neuron trick in [46, 53]. We construct
a set of virtual neurons that always have the opposite
directions to the original neurons and then regularize
both original and virtual neurons together. Specifically,
we assume a set of original neurons {wi}ni=1 and the vir-
tual opposite neurons are {vi = −wi}ni=1. Finally we
will apply hyperspherical uniformity to simultaneously
regularize all the neurons {w1, · · · ,wn,v1, · · · ,vn}.
The virtual neuron trick is not applicable to R-MHP.

Why hyperspherical uniformity. A popular choice
out of many existing relational regularizations is the
orthogonality regularization [13, 52, 4, 32, 33, 63]. De-
spite its popularity, orthogonality yields a few draw-
backs. When the number of neurons exceeds the neuron
dimension, promoting orthogonality among neurons
will become problematic [46]. In contrast, hyperspheri-
cal uniformity avoids such a problem while also being
more general. It works well in all circumstances.

Increasing effective width of neural networks.
Empirical evidences in [68, 71, 28, 29] show that naively
training a neural network typically leads to severe neu-
ron redundancy and [88] shows that increasing the
width of neural networks can significantly improve gen-
eralization. Hyperspherical uniformity can increase
the effective width and improve the representation effi-
ciency by penalizing hyperspherically similar neurons.

Decoupling neuron norm and angle. The norm of
neurons is typically regularized by individual regulariza-
tions, while the relational regularizations are designed
for neuron directions. Orthonormality does not decou-
ple the two components, since it also regularizes neuron
norm to be close to 1, which serves a redundant role
to weight decay. In contrast, hyperspherical uniformity
fully decouples the two regularization components.

Optimization difficulty. Although all the proposed
regularization objectives share the same goal, there is a
substantial difference when actually performing gradi-
ent descent with them. MHP and MHC define max-min
(or min-max) problems which require alternative up-
date or unrolled formulation to solve, so optimizing
them may lead to much more bad local minima and
therefore is not as stable as MHE, MHS and MGD.
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Figure 2: Comparison of local separatedness and global uniformity
among MHE, MHS, MHC and MGD. (a) Hyperspherical energy vs.
Iteration. (b) Separation distance vs. Iteration. Experimental de-
tails are in Appendix L. The figure is best viewed in color.

7 Properties and Insights

7.1 Geometric Properties

We discuss the geometric properties of the proposed
regularizations by first connecting them with the hyper-
spherical uniformity. [46] has established that minimiz-
ing MHE ultimately leads to hyperspherical uniformity.
This is achieved by showing that unit point mass at
each vector in Ŵn asymptotically approaches to the
spherical measure on Sd−1. [37, 9] have shown that
asymptotically best-packing points on a rectifiable set
are uniformly distributed. MHS is essentially a special
case of this result, indicating that MHS also asymp-
totically leads to hyperspherical uniformity. [10, 8, 22]
and [37] prove the same argument holds for MHP and
MHC, respectively. [55] proves the asymptotic equidis-
tribution of Fekete points on the hypersphere, implying
that MGD also leads to hyperspherical uniformity.

Although all the regularization objectives asymptoti-
cally leads to hyperspherical uniformity, there are still
some delicate differences in terms of the geometric
properties. For example, MHS focuses on more on local
separatedness by ensuring any nearest two vectors to
be far away, while MHE characterizes the global unifor-
mity with the sum of pairwise energies. Therefore, we
can use the separation distance (i.e., ϑ(Ŵn) in Eq. (4))
as a measure of local separatedness and use the hyper-
spherical energy (i.e., Es(Ŵn) in Eq. (2)) as a measure
of global uniformity. We connect MHE and MHC with
the following geometric properties.

Theorem 4. For d−2 ≤ s < d−1, there is a constant
λs,d > 0 such that for n ≥ 2 and any solution Ŵ ∗

n that

attains the optima of MHE, we have ϑ(Ŵ ∗
n ) ≥ λs,d

n1/(d−1) .

Theorem 5. When 0 < s < d − 1 and n approaches
infinity, every optimal MHS solution on Sd−1 is asymp-
totically an optimal solution for MHE.

Theorem 4 gives a lower bound of separation distance
for any MHE solution. It further indicates that optimal
MHE configurations are well-separated and minimiz-
ing MHE objective can partially maximize the MHS
objective. Theorem 5 shows that optimal MHS config-
urations will asymptotically have the same global uni-
formity (i.e., hyperspherical energy) as optimal MHE
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Figure 3: Visualization of regularization effects for MHE, MHS, MHP, MHC and MGD. We naively optimize all the proposed uniformity
regularizations with gradient descent on 3D spherical data. Experimental details are given in Appendix L. The figure is best viewed in color.

configurations. These two results well connect the
geometric properties between the MHE and MHS.

In fact, it requires involved analyses to fully study the
geometric properties of these objectives [9, 11], which
is out of our scope. In order to gain more insights, we
conduct a simulation in Fig. 2 to empirically compare
MHE, MHS, MHC and MGD. Specifically, we initialize
200 neurons and separately optimize MHE, MHS, MHC
or MGD using gradient descent with these neurons. We
compute the separation distance for all regularizations
during training to compare their local separatedness,
and also compute the hyperspherical energy to com-
pare the global uniformity. We see that MHS and MHE
achieve the best local separatedness and global unifor-
mity, respectively. This is because MHS and MHE
are directly optimizing the measures. MHE, MHS and
MGD have similar global uniformity since they achieve
similar hyperspherical energy. MHE, MGD and MHS
reach a good balance between global uniformity and
local separatedness, justifying their effectiveness. In
contrast, MHC has worse geometric properties due to
the complex objective. The results verify that although
these hyperspherical uniformity regularizations share
the same goal, the encoded regularization effects and
inductive biases can be vastly different.

7.2 Spectral Properties

While orthogonality guarantees that all singular val-
ues are 1, the spectral properties of hyperspherical
uniformity is discussed in the following theorem.

Theorem 6. Let ṽ1, · · · , ṽn be i.i.d. random vectors
where each element follows the Gaussian distribution
with mean 0 and variance 1. Then v1 = ṽ1

‖ṽ1‖ , · · · ,vn=
ṽ1

‖ṽ1‖ are uniformly distributed on the unit hypersphere

Sd−1. If the ratio n
d converges to a constant λ∈(0, 1),

asymptotically we have for W ={v1, · · · ,vn}∈Rd×n:

lim
n→∞

σmax(W ) ≤ (
√
d+
√
λd) · (max

i

1

‖ṽi‖2
)

lim
n→∞

σmin(W ) ≥ (
√
d−
√
λd) · (min

i

1

‖ṽi‖2
)

(17)

where σmax(·) and σmin(·) denote the largest and the

smallest singular value of a matrix, respectively.

Theorem 6 is the direct application of a classic result
on the limits of the largest and smallest singular values
of Gaussian matrix [72]. Theorem 6 guarantees that
hyperspherical uniformity will constrain the largest
singular value of a matrix from being too large and its
smallest singular value from being too small.

7.3 Connections to Neuron Initialization

We also discuss how hyperspherical uniformity is con-
nected to the neuron initialization and its potential
connection to Occam’s razor. First, almost all ini-
tialization schemes [42, 30, 25] for neural networks
initializes the directions of neurons in the same layer
to be uniformly distributed on the hypersphere, which
is proved in Appendix J. Other than the zero-mean
Gaussian distribution used in [42, 30, 25], we may al-
ternatively characterize the hyperspherical uniformity
with Cauchy-like distribution [75], which may inspire
alternative initializations. Promoting hyperspherical
uniformity in training aims to regularize the param-
eters to be similar to the initialization in terms of
the directional support (since the pairwise relationship
among neurons on the hypersphere is encouraged to be
close to the initialization), which is essentially making
the neural network to be as “simple” as possible. In
contrast to the weight decay that implements Occam’s
razor in terms of magnitude (i.e., discrepancy to 0),
promoting hyperspherical uniformity can essentially be
viewed as implementing Occam’s razor in the angular
space (i.e., discrepancy to hyperspherical uniformity).

7.4 Regularization Effects

In order to intuitively understand these different objec-
tives towards hyperspherical uniformity, we visualize
their regularization effects by minimizing them with
gradient descent on a 3D sphere. The results in Fig. 3
show that MHE, MHS and MGD yield visually supe-
rior regularization effects for hyperspherical uniformity,
while MHP and MHC give suboptimal and weaker
regularization effects partially due to their complex
optimization objectives. Because both MHP and MHC
involve an inner optimization problem, their objective
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landscapes are highly non-convex and also more diffi-
cult to optimize. In contrast, MHE, MHS and MGD
have much strong regularization effects on the 3-sphere.

8 Applications

Our goal is to show the performance gain by applying
hyperspherical uniformity to different applications in-
stead of achieving state-of-the-art performance. For
fairness, we always stick to clean baselines without
bells and whistles and ensure the experimental setup
is the same for all compared methods. All the detailed
experimental settings are specified in Appendix L.

8.1 Discriminative Learning

Method Error
Baseline 2.14

Orthogonal 1.95
MHE 1.85
MHS 1.72
MHP 1.92

R-MHP 1.99
MHC 1.88
MGD 1.64

Table 1: MLP (%).

Multi-layer perceptrons. We
first compare all the hyperspheri-
cal uniformity regularizations on
MNIST with a 3-layer MLP. We
use Xavier initialization [25] to ini-
tialize neuron weights in MLP. Re-
sults (error rates) in Table 1 show
that all the proposed methods out-
perform the baseline by a considerable margin, indicat-
ing that hyperspherical uniformity is generally useful
to improve the generalization for MLP. Among all the
proposed regularizations, MGD works the best and
reduces the error of the baseline by more than 23%.

Convolutional neural networks. We also compare
all the hyperspherical uniformity regularizations on
both plain VGG-like CNN [73] and ResNet [31]. Spe-
cific architecture configurations are in Appendix L.

Method CNN-9 ResNet-32
Baseline 28.13 22.87

Orthogonal 26.94 22.36
SRIP [4] 25.92 22.02

MHE 25.94 21.82
MHS 25.43 20.97
MHP 25.92 21.24

R-MHP 26.02 22.19
MHC 25.62 21.88
MGD 25.32 21.06

Table 2: CNN on CIFAR-100 (%).

CIFAR-100. We first
perform experiments
on CIFAR-100 with
the plain CNN-9 and
ResNet-32. The exper-
imental settings mostly
follows [46] for fair com-
parison. Table 2 gives
the error rates. The re-
sults show that most of the hyperspherical uniformity
regularizations perform significantly and consistently
better than the baseline, the orthogonal regularization
and a state-of-the-art orthogonality-based regulariza-
tion called SRIP [4]. Surprisingly, R-MHP, as a very
simple regularization method, also outperforms both
the baseline and orthogonal regularization, implying
the effectiveness of hyperspherical uniformity in general.
Although MHP and MHC are less stable to optimize
with gradient descent, they still perform reasonably
well compared to the baseline, implying that promoting
hyperspherical uniformity is generally beneficial to gen-
eralization. Mostly notably, MGD performs the best
on CNN-9, while MHS performs the best on ResNet-18.
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Figure 4: Regularization dynamics (objective value vs. iteration) of
MHE, MHS, MHP, R-MHP, MHC and MGD.

It partially suggests that encouraging local separation
may be more important to generalization than promot-
ing global uniformity. One of the possible reasons could
be that MHE updates all the neurons simultaneously by
accumulating all the pairwise interactions while MHS
only focus on updating the two most similar neurons.

Regularization dynamics. Then we look into the ef-
fectiveness of the hyperspherical uniformity regular-
izations for minimizing (or maximizing) the objective
values during training. We perform classification on
CIFAR-100 with plain CNN-9, and plot the objective
value curve of each hyperspherical uniformity regular-
ization during training. The results are given in Fig. 4.
Note that, MHS, MHP and MGD maximize the reg-
ularization objective, while MHE, R-MHP and MHC
minimize the objective. From Fig. 4, we can see that all
the hyperspherical uniformity achieve better objective
values than the baseline, which indicates that all the
proposed regularizations have well served the purpose.

Method Error
Baseline 32.95

Orthogonal 32.65
SRIP [4] 32.53

MHE 32.45
MHS 32.06
MHP 32.32

R-MHP 32.71
MHC 32.28
MGD 32.16

Table 3: ImageNet (%).

ImageNet. Finally, we conduct
the experiments on ImageNet-
2012 [69] with ResNet-18 to fur-
ther evaluate the performance
of hyperspherical uniformity on
large-scale datasets. Since our
purpose is to compare all the reg-
ularizations, we use the same sim-
ple data augmentation scheme as
in AlexNet [39]. Detailed settings are given in Ap-
pendix L. Table 3 shows the Top-1 error on ImageNet
test set. One can see from the results that most of
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the hyperspherical uniformity regularizations can ef-
fectively improve the generalization of ResNet-18 on
ImageNet. Among all, MHS achieves the best per-
formance and outperforms the baseline by nearly 1%.
Considering the fact that we are merely adding a regu-
larization without changing the network architecture,
the improvement is actually very significant.

Method Citeseer Cora Pubmed
Baseline 70.3 81.3 79.0

Orthogonal 70.4 81.5 78.8
MHE 71.5 82.0 79.0
MHS 71.7 82.3 79.2
MHP 71.3 81.5 79.0
MHC 71.2 81.6 79.0
MGD 71.8 82.3 79.2

Table 4: Graph networks (%).

Graph networks.
In order to show
that hyperspherical
uniformity is di-
versely useful, we
also perform experi-
ments on graph con-
volution networks (GCN) [36]. We use the same 2-
layer GCN as [36] and evaluate on Citeseer, Cora and
Pubmed data [70]. Regularizing GCN is conceptually
similar to MLP. Specifically, the forward model of GCN
is Z=Softmax

(
Â ·ReLU(Â ·X ·W0) ·W1

)
where Â=

D̃
1
2 ÃD̃

1
2 . A is the adjacency matrix of the graph,

Ã=A+I (I is an identity matrix), and D̃=
∑
j Ãij .

X ∈ Rn×d is the feature matrix of n nodes in the graph
(feature dimension is d). W1 is the weights of the clas-
sifiers. W0 is the weight matrix of size d× h where h
is the dimension of the hidden space. We treat each
column vector of W0 as a neuron, so there are h neu-
rons in total. We apply the hyperspherical uniformity
regularizations on W0 and report the testing accuracy
in Table 4. From the results, we observe all the hy-
perspherical uniformity regularizations outperform the
baseline by a considerable margin, indicating that pro-
moting hyperspherical uniformity is very helpful to the
generalization of GCN. On Citeseer, MGD achieves the
best accuracy and outperforms the baseline by 1.5%.
On Cora and Pubmed, both MHS and MGD perform
the best. The results validate the universality and
superiority of hyperspherical uniformity.

Method Accuracy
Baseline 87.10

MHE 87.44
MHS 87.60
MHP 87.41

R-MHP 87.10
MHC 87.33
MGD 87.61

Table 5: PointNet (%).

Point cloud networks. We also
evaluate the hyperspherical uni-
formity on the 3D point cloud clas-
sification task where each 3D ob-
ject is represented by a unordered
set of points (i.e., 3D coordinates).
PointNet [62] is a neural network
designed for processing point clouds. PointNet consists
of a group of weight-sharing MLPs and we regularize
these MLPs using our hyperspherical uniformity regu-
larizations. For simplicity, we use a vanilla PointNet
without T-Net and experiment on the ModelNet-40
dataset [82]. The classification accuracy is given in
Table 5. All the hyperspherical uniformity regulariza-
tions consistently outperform the baseline PointNet
by a significant margin, showing the effectiveness of
hyperspherical uniformity in point cloud classification.

Among all the compared regularizations, MGD achieves
the best accuracy by outperforming the baseline by
0.51%, validating its universality in improving general-
ization for different types of neural networks.

8.2 Generative Modeling

Beside the applications in the discriminative learning
for classification tasks, we further apply hyperspher-
ical uniformity to improve the generative adversarial
network (GAN) [27] in unconditional image generation.

Method Inception Score
Baseline 7.14
SN [57] 7.40
MHE 7.40
MHS 7.61

R-MHP 7.31
MGD 7.49

Table 6: GAN on CIFAR-10.

Specifically, we perform im-
age generation on CIFAR-
10 with a vanilla GAN. We
regularize the discriminator
in the vanilla GAN using
MHE, MHS, MGD and R-
MHP. We adopt the follow-
ing vanilla GAN as the clean baseline: V (G,D) =
Ex∼qdata(x)[logD(x)]+Ez∼p(z)[log(1−D(G(z)))] where
D(·) denotes the discriminator and G(·) denotes the
generator. We do not use spectral normalization for
the discriminator and generator. We train the models
for 200k iterations on CIFAR-10 using Adam optimizer
(β1 = 0.5, β2 = 0.999) with learning rate set to 1e-3
and batch size set to 64. Detailed experimental setup
is given in Appendix L. Results in Table 6 show that
hyperspherical uniformity can generally improve the
generation quality of GANs. Notably, MHS achieves
the best inception score 7.61, which outperforms the
vanilla GAN and the state-of-the-art spectral normal-
ization (SN) [57] by a considerable margin. MGD also
performs better than SN, well verifying that promoting
hyperspherical uniformity is beneficial to GANs.

Baseline MHE MGD MHS
Figure 5: Comparison of randomly generated images from GAN.

We also give some qualitative examples in Fig. 5 to com-
pare the generation quality between baseline and hyper-
spherical uniformity regularizations. The results show
that hyperspherical uniformity can greatly improve
GAN by regularizing it to generate visually plausible
images with more diverse color and semantic meaning.

9 Concluding Remarks

This paper considers a novel family of regularizations –
hyperspherical uniformity for training neural networks.
Specifically, we propose several conceptually appealing
instances and provide some statistical discussions and
theoretical insights. Comprehensive experiments well
validate the effectiveness of hyperspherical uniformity.
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Appendix

A Proof of Proposition 1

We first define that Ŵ s
n is a s-energy minimizing n-point configuration on Sd−1 if 0 < s < ∞ (i.e., MHE

configuration) and Ŵ∞
n denotes a best-packing configuration on Sd−1 if s =∞ (i.e., MHS configuration). Since

we are considering s > 0, we only need to discuss the case of Ks(ŵi, ŵj) = ρ(ŵi, ŵj)
−s. Then we will have the

following equation:

εs(Sd−1, n)
1
s = Es(Ŵ

s
n)

1
s ≥ 1

δρn(Ŵ s
n)
≥ 1

δρn(Sd−1)
. (18)

Moreover, we have that

εs(Sd−1, n)
1
s ≤ Es(Ŵ∞

n )
1
s

=
1

δρ(Ŵ∞
n )

( ∑
1≤i6=j≤N

( δρ(Ŵ∞
n )

ρ(ŵ∞i , ŵ
∞
j )

)s) 1
s

≤ 1

δρ(Ŵ∞
n )

(
n(n− 1)

) 1
s

(19)

Therefore, we will end up with

lim
s→∞

sup εs(Sd−1, n)
1
s ≤ 1

δρ(Ŵ∞
n )

=
1

δρn(Sd−1)
. (20)

Then we take both Eq. (18) and Eq. (20) into consideration and have that

lim
s→∞

εs(Sd−1, n)
1
s =

1

δρn(Sd−1)
(21)

which concludes the proof.

B Proof of Proposition 2

We first choose ε > 0 and let Ŵn+1 = {ŵ1, ŵ2, · · · , ŵn+1} ⊂ Sd−1 be a configuration such that

εs(Sd−1, n+ 1) + ε > Es(Ŵn+1). (22)

Then we have for every i ∈ [1, n+ 1] and v ∈ Sd−1 that

Es
(
(Ŵn+1\{ŵi}) ∪ {v}

)
= Es(Ŵn+1\{ŵi}) + 2

∑
j:j 6=i

Ks(v, ŵj)

≥ εs(Sd−1, n+ 1)

> Es(Ŵn+1)− ε

= Es(Ŵn+1\{v}) + 2
∑
j:j 6=i

Ks(ŵi, ŵj)− ε

(23)

which leads to
min

v∈Sd−1
2
∑
j:j 6=i

Ks(v, ŵj) ≥ 2
∑
j:j 6=i

Ks(ŵi, ŵj)− ε (24)

Therefore, for a fixed i, we have that

Ps(Sd−1, n) ≥ Ps(Ŵn+1\{ŵi})

= min
v∈Sd−1

∑
j:j 6=i

Ks(v, ŵj)

≥
∑
j:j 6=i

Ks(ŵi, ŵj)−
ε

2

(25)
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Then we average the above inequalities for i = 1, · · · , n+ 1 and obtain

Ps(Sd−1, n) ≥ 1

n+ 1

n+1∑
i=1

∑
j:j 6=i

Ks(ŵi, ŵj)−
ε

2

≥ εs(Sd−1, n+ 1)

n+ 1
− ε

2

(26)

By letting ε approach to zero, we have that

Ps(Sd−1, n) ≥ εs(Sd−1, n+ 1)

n+ 1
(27)

Moreover, it is also easy to verify another inequality:

εs(Sd−1, n+ 1)

n+ 1
≥ εs(Sd−1, n)

n− 1
(28)

Therefore, we conclude the proof.

C Proof of Proposition 3

Given that s = −2, we first have that

P−2(Ŵn) = min
v∈Sd−1

(
−

n∑
i=1

‖v − ŵi‖2
)

= min
v∈Sd−1

n∑
i=1

(2v · ŵi − 2)

= min
v∈Sd−1

(
2v ·

n∑
i=1

ŵi − 2n

)
.

(29)

If
∑n
i=1 ŵi = 0, we will have that P−2(Ŵn) = −2n. If

∑n
i=1 ŵi 6= 0, then we have that

P−2(Ŵn) ≤ −2

∑n
i=1 ŵi

‖
∑n
i=1 ŵi‖

·
n∑
i=1

ŵi − 2n

= −2

∥∥∥∥∥
n∑
i=1

ŵi

∥∥∥∥∥− 2n

< −2n

(30)

Therefore, Ŵn is optimal if and only if
∑n
i=1 ŵi = 0

D Proof of Proposition 4

For any n-point configuration Ŵn ⊂ Sd−1, we have that

Ps(Ŵn) = min
v∈Sd−1

∑
u∈Ŵn

1

ρ(v,u)s

≥ 1

α(Ŵn)s

(31)

which leads to (
Ps(Sd−1, n)

) 1
s = max

Ŵn⊂Sd−1

Ps(Ŵn)
1
s

≥ max
Ŵn⊂Sd−1

1

α(Ŵn)

=
1

ηρn(Sd−1)
.

(32)
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Therefore, we have that

lim
s→∞

inf
(
Ps(Sd−1, n)

) 1
s ≥ 1

ηρn(Sd−1)
(33)

On the other hand, we have that

Ps(Ŵn) = min
v∈Sd−1

∑
u∈Ŵn

1

ρ(v,u)s

≤ n

α(Ŵn)

≤ n(
ηρn(Sd−1)

)s
(34)

Therefore, we end up with

lim
s→∞

sup
(
Ps(Sd−1, n)

) 1
s ≤ lim

s→∞

n
1
s

ηρn(Sd−1)
=

1

ηρn(Sd−1)
(35)

Combining with Eq. (33), we have that

lim
s→∞

(
Ps(Sd−1, n)

) 1
s ≥ 1

ηρn(Sd−1)
(36)

which concludes the proof.

E Proof of Proposition 5

We first define the order samples on S1. We denote the samples on S1 as θi. The angles are ordered such that
θi+1 < θi,∀i. Then we define the angle gap as follows:

di := θi+1 − θi, i = 1, 2, · · · , n− 1

dn := 2π − (θn − θ1)
(37)

The test statistic of range test is written as

Tn := 2π −max
i
di (38)

which rejects H0 for small values. Maximizing Tn with respect to the samples on S1 is equivalent to the following
objective:

max
{θ1,··· ,θn}

Tn ⇔ min
{θ1,··· ,θn}

max
i
di (39)

which is to minimize the largest neighbor angle gap. It is easy to verify that the optimum happens when the n
angle gaps are equally divided the unit circle S1.

For MHS on S1, the optimization is as follows:

max
{θ1,··· ,θn}

min
i 6=j

ρ(θi, θj) (40)

which is to maximize the smallest pairwise angles (i.e., the smallest neighbor angle gap on S1). The optimum
is attained when {θ1, · · · , θn} are equally divided the unit circle S1, which is equivalent to maximizing Tn with
respect to the samples on S1.

For MHC on S1, the optimization is as follows:

min
{θ1,··· ,θn}

max
v∈[0,2π)

min
i
ρ(v, θi). (41)

The optimum of maxv∈[0,2π) mini ρ(v, θi) is attained when v lies on the middle point of the largest angle gap.
Therefore, the optimum of MHC on S1 is achieved when {θ1, · · · , θn} are equally divided the unit circle S1, which
is also equivalent to maximizing Tn with respect to the samples on S1.
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F Proof of Theorem 2

We first let Ŵn = {ŵ1, · · · , ŵn} be an arbitrary vector configuration in Sd. We then have that

Λ(Ŵn) :=

n∑
i=1

n∑
j=1

‖ŵi − ŵj‖2

=

n∑
i=1

n∑
j=1

(2− 2ŵi · ŵj)

=2n2 − 2

∥∥∥∥∥
n∑
i=1

ŵi

∥∥∥∥∥
2

≤2n2

(42)

which holds if and only if
∑n
i=1 ŵi = 0. The vertices of a regular (n− 1)-simplex at the origin well satisfy this

condition. With the properties of the potential function f , we have that

Ef (Ŵn) :=

n∑
i=1

∑
j:j 6=i

f
(
‖ŵi − ŵj‖2

)
≥n(n− 1)f

(
Λ(Ŵn)

n(n− 1)

)
≥n(n− 1)f

(
2n

n− 1

) (43)

which holds true if all pairwise distance ‖ŵi − ŵj‖ are equal for i 6= j and the center of mass is at the origin (i.e.,∑n
i=1 ŵi = 0). Therefore, for the vector configuration Ŵ ∗

n which contains the vertices of a regular (n− 1)-simplex
inscribed in Sd and centered at the origin, we have that for 2 ≤ n ≤ d+ 2

Ef (Ŵ ∗
n ) = n(n− 1)f

(
2n

n− 1

)
≤ Ef (Ŵn).

(44)

If f is strictly convex and strictly decreasing, then Ef (Ŵn) ≥ n(n− 1)f( 2n
n−1 ) holds only when Ŵ ∗

n is a regular

(n− 1)-simplex inscribed in Sd and centered at the origin.
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G Proof of Theorem 4

Let ŵ∗1 , ŵ
∗
2 , · · · , ŵ∗n be the points in the MHE solution Ŵ ∗

n . Without loss of generality, we denote the indices k

and l such that ϑ(Ŵ ∗
n ) = ‖ŵ∗k − ŵ∗l ‖2. We also define z := (1 + n−

1
d−1 )ŵ∗k. We first introduce the following fact

about closed convex sets:

Proposition 6. Let K ⊂ Rp be a closed convex set. Then for every x ∈ Rp, there is a unique point yx in K
closest to x. Furthermore, for any z ∈K, we have ‖yxz‖2 ≤ ‖x− z‖2, where the equality holds if and only if
x ∈K.

Because the unit hyperball B(0, 1) is convex and ŵ∗k is the point in B(0, 1) closest to z, for 1 ≤ j ≤ n we have
the following inequality based on this proposition above:

‖ŵ∗k − ŵ∗j ‖2 ≤ ‖z − ŵ∗j ‖2, (45)

where 1 ≤ j ≤ n. Before we proceed, we need to introduce the following lemmas:

Lemma 1 ([40]). If 0 < s < d− 1 and Ŵ ∗
n = {ŵ∗1 , · · · , ŵ∗n} is a MHE solution on Sd−1, then for i = 1, 2, · · · , n,

we have that
1

n− 1

∑
j:j 6=i

1

‖ŵ∗i − ŵ∗j ‖s2
≤ Is[σd−1] (46)

where Is[µ] =
∫ ∫

1
‖x−y‖s2

dµ(x)dµ(y) and σd−1 is the normalized probability surface area measure on Sd−1.

Lemma 2 ([40]). We assume d− 2 ≤ s < d− 1, and then there is a constant θs,d and a positive integer m such

that for every x ∈ Rd with ‖x‖2 = 1 + n−
1

d−1 and any optimal MHE solution Ŵ ∗
n on Sd−1, we have

Us(x; Ŵ ∗
n ) ≥ Is[σd−1]− θs,d · n−1+ s

d−1 (47)

where n > m and Us(x; Ŵ ∗
n ) := 1

n

∑
y∈Ŵ ∗

n

1
‖x−y‖s2

for s > 0.

Using Lemma 1 above, we obtain that

Is[σd−1]− 1

nϑ(Ŵ ∗
n )s
≥ 1

n

( ∑
j:j 6=k

1

‖ŵ∗k − ŵ∗j ‖s2
− 1

‖ŵ∗k − ŵ∗l ‖s2

)
=

1

n

∑
j:j 6=k,l

1

‖ŵ∗k − ŵ∗j ‖s2

≥ 1

n

∑
j:j 6=k,l

1

‖z − ŵ∗j ‖s2

= Us(z; Ŵ ∗
n )− 1

n

( 1

‖z − ŵ∗k‖s2
+

1

‖z − ŵ∗l ‖s2

)
.

(48)

Because of n−
1

d−1 = ‖z − ŵ∗k‖s2 ≤ ‖z − ŵ∗l ‖s2, we have that

Is[σd−1]− 1

nϑ(Ŵ ∗
n )s
≥ Us(z; Ŵ ∗

n )− 2n−1+ s
d−1 (49)

Then according to Lemma 2, we have that

Is[σd−1]− 1

nϑ(Ŵ ∗
n )s
≥ Is[σd−1]− (θs,d + 2) · n−1+ s

d−1 (50)

which concludes that ϑ(Ŵ ∗
n ) ≥ λs,d · n−

1
d−1 where we define that λs,d = (θs,d + 2)−

1
s . Note that, the extended

and generalized version of this result can be found in [21, 12, 40].

H Proof of Theorem 5

The theorem comes directly from the result in [43] that every asymptotically optimal MHS sequence {Ŵ ∗
n}∞n=2 of

n-point configurations on Sd−1 is asymptotically optimal MHE solution for any 0 < s < d− 1.
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I Proof of Theorem 6

We first introduce the following lemma as the characterization of a unit vector that is uniformly distributed on
the unit hypersphere Sd−1.

Lemma 3 ([59]). Let v be a random vector that is uniformly distributed on the unit hypersphere Sd−1. Then v
has the same distribution as the following:{

u1√∑d
i=1 u

2
i

,
u2√∑d
i=1 u

2
i

, · · · , ud√∑d
i=1 u

2
i

}
(51)

where u1, u2, · · · , ud are i.i.d. standard normal random variables.

Proof. The lemma follows naturally from the fact that the Gaussian vector {ui}di=1 is rotationally invariant.

Then we consider a random matrix W̃ = {ṽ1, · · · , ṽn} where ṽi follows the same distribution of {u1, · · · , ud}.
Therefore, it is also equivalent to a random matrix with each element distributed normally. For such a matrix W̃ ,
we have from [72] that

lim
n→∞

σmax(W̃ ) =
√
d+
√
λd

lim
n→∞

σmin(W̃ ) =
√
d−
√
λd

(52)

where σmax(·) and σmin(·) denote the largest and the smallest singular value, respectively.

Then we write the matrix W as follows:

W = W̃ ·Q

= W̃ ·


1

‖ṽ1‖2 0 · · · 0

0 1
‖ṽ2‖2

. . . 0
...

. . .
. . .

...
0 · · · 0 1

‖ṽn‖2


(53)

which leads to
lim
n→∞

σmax(W ) = lim
n→∞

σmax(W̃ ·Q)

lim
n→∞

σmin(W ) = lim
n→∞

σmin(W̃ ·Q)
. (54)

We fist assume that for a symmetric matrix A ∈ Rn×n λ1(A) ≥ · · · ≥ λn(A). Then we introduce the following
inequalities for eigenvalues:

Lemma 4 ([54]). Let G,H ∈ Rn×n be positive semi-definite symmetric, and let 1 ≤ i1 < · · · < ik ≤ n. Then we
have that

k∏
t=1

λit(GH) ≤
k∏
t=1

λit(G)λt(H) (55)

and
k∏
t=1

λit(GH) ≥
k∏
t=1

λit(G)λn−t+1(H) (56)

where λi denotes the i-th largest eigenvalue.

We first let 1 ≤ i1 < · · · < ik ≤ n. Because W̃ ∈ Rd×n and Q ∈ Rn×n, we have the following:

k∏
t=1

σit(W̃Q) =

k∏
t=1

√
λit(W̃QQ>W̃>)

=

√√√√ k∏
t=1

λit(W̃
>W̃QQ>)

(57)
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by applying Lemma 4 to the above equation, we have that√√√√ k∏
t=1

λit(W̃
>W̃QQ>) ≥

√√√√ k∏
t=1

λit(W̃
>W̃ )λn−t+1(QQ>)

=

k∏
t=1

σit(W̃ )σn−t+1(Q)

(58)

√√√√ k∏
t=1

λit(W̃
>W̃QQ>) ≤

√√√√ k∏
t=1

λit(W̃
>W̃ )λt(QQ>)

=

k∏
t=1

σit(W̃ )σt(Q)

(59)

Therefore, we have that
k∏
t=1

σit(W̃Q) ≥
k∏
t=1

σit(W̃ )σn−t+1(Q) (60)

k∏
t=1

σit(W̃Q) ≤
k∏
t=1

σit(W̃ )σt(Q) (61)

Suppose we have k = 1 and i1 = n, then Eq. (60) gives

σn(W̃Q) ≥ σn(W̃ )σn(Q) (62)

Then suppose we have k = 1 and i1 = 1, then Eq. (61) gives

σ1(W̃Q) ≤ σ1(W̃ )σ1(Q) (63)

Combining the above results with Eq. (52) and Eq. (54), we have that

lim
n→∞

σmax(W ) = lim
n→∞

σmax(W̃ ·Q) ≤ lim
n→∞

(
σmax(W̃ ) · σmax(Q)

)
= (
√
d+
√
λd) ·max

i

1

‖ṽi‖1

lim
n→∞

σmin(W ) = lim
n→∞

σmin(W̃ ·Q) ≥ lim
n→∞

(
σmin(W̃ ) · σmin(Q)

)
= (
√
d−
√
λd) ·min

i

1

‖ṽi‖1

(64)

which concludes the proof.
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J Hyperspherical Uniformity from Zero-mean Gaussian Distributions

We show that zero-mean equal-variance Gaussian distributed vectors (after normalized to norm 1) are uniformly
distributed over the unit hypersphere with the following theorem.

Theorem 7. The normalized vector of Gaussian variables is uniformly distributed on the sphere. Formally, let
x1, x2, · · · , xn ∼ N (0, 1) and be independent. Then the vector

x =

[
x1

z
,
x2

z
, · · · , xn

z

]
(65)

follows the uniform distribution on Sn−1, where z =
√
x2

1 + x2
2 + · · ·+ x2

n is a normalization factor.

Proof. A random variable has distribution N (0, 1) if it has the density function

f(x) =
1√
2π
e−

1
2x

2

. (66)

A n-dimensional random vector x has distribution N (0, 1) if the components are independent and have distribution
N (0, 1) each. Then the density of x is given by

f(x) =
1

(
√

2π)n
e−

1
2 〈x,x〉. (67)

Then we introduce the following lemma (Lemma 5) about the orthogonal-invariance of the normal distribution.

Lemma 5. Let x be a n-dimensional random vector with distribution N (0, 1) and U ∈ Rn×n be an orthogonal
matrix (UU> = U>U = I). Then Y = Ux also has the distribution of N (0, 1).

Proof. For any measurable set A ⊂ Rn, we have that

P (Y ∈ A) = P (X ∈ U>A)

=

∫
U>A

1

(
√

2π)n
e−

1
2 〈x,x〉

=

∫
A

1

(
√

2π)n
e−

1
2 〈Ux,Ux〉

=

∫
A

1

(
√

2π)n
e−

1
2 〈x,x〉

(68)

because of orthogonality of U . Therefore the lemma holds.

Because any rotation is just a multiplication with some orthogonal matrix, we know that normally distributed
random vectors are invariant to rotation. As a result, generating x ∈ Rn with distribution N(0, 1) and then
projecting it onto the hypersphere Sn−1 produces random vectors U = x

‖x‖ that are uniformly distributed on the

hypersphere. Therefore the theorem holds.

K Orthogonality vs. Orthonormality

In the paper, we sometimes use the term “orthogonality” and “orthonormality” interchangeably, since we are mostly
considering the points lying in Sd. Hyperspherical uniformity only concerns with the angles among points (e.g.,
neurons), because all the magnitude are normalized to one before entering any hyperspherical uniformity objective.
Therefore strictly speaking, orthogonality is a more appropriate comparison to hyperspherical uniformity.



Learning with Hyperspherical Uniformity

L Experimental Details

Layer CNN-9 for CIFAR-100 ResNet-32 for CIFAR-100 ResNet-18 for ImageNet-2012

Conv0.x N/A [3×3, 64]
[7×7, 64], Stride 2

3×3, Max Pooling, Stride 2

Conv1.x
[3×3, 64]×3

2×2 Max Pooling, S2

[
3× 3, 64

3× 3, 64

]
× 5

[
3× 3, 64

3× 3, 64

]
× 2

Conv2.x
[3×3, 128]×3

2×2 Max Pooling, S2

[
3× 3, 128

3× 3, 128

]
× 5

[
3× 3, 128

3× 3, 128

]
× 2

Conv3.x
[3×3, 256]×3

2×2 Max Pooling, S2

[
3× 3, 256

3× 3, 256

]
× 5

[
3× 3, 256

3× 3, 256

]
× 2

Conv4.x N/A N/A

[
3× 3, 512

3× 3, 512

]
× 2

Final 256-Dim Fully Connected Average Pooling

Table 7: Our CNN and ResNet architectures with different convolutional layers. Conv0.x, Conv1.x, Conv2.x, Conv3.x and Conv4.x denote
convolution units that may contain multiple convolutional layers, and residual units are shown in double-column brackets. Conv1.x, Conv2.x
and Conv3.x usually operate on different size feature maps. These networks are essentially similar to [73] and [31], but with different number
of filters in each layer. The downsampling is performed by convolutions with a stride of 2. E.g., [3×3, 64]×4 denotes 4 cascaded convolution
layers with 64 filters of size 3×3, and S2 denotes stride 2.

z ∈ R128 ∼ N (0, I)
dense → Mg × Mg × 512

4×4, stride=2 deconv. BN 256 ReLU
4×4, stride=2 deconv. BN 128 ReLU
4×4, stride=2 deconv. BN 64 ReLU

3×3, stride=1 conv. 3 Tanh

(a) Generator (Mg = 4 for CIFAR10).

RGB image x ∈ RM×M×3

3×3, stride=1 conv 64 lReLU
4×4, stride=2 conv 64 lReLU
3×3, stride=1 conv 128 lReLU
4×4, stride=2 conv 128 lReLU
3×3, stride=1 conv 256 lReLU
4×4, stride=2 conv 256 lReLU
3×3, stride=1 conv. 512 lReLU

dense → 1

(b) Discriminator (M = 32 CIFAR10).

Table 8: GAN architecture for image generation on CIFAR-10. The architectures mostly follow [57].

General. For MHE, we use half-space MHE with s = 2. For the unrolling of MHP and MHC, we use one-step
gradient descent to approximate the inner optimization. For MHC, we use the relaxed formulation with γ = 5.
For MGD, we use Gaussian kernel with ε = 1. Typically, we search the best weighting hyperparameter for all the
regularizations from 10−8 to 107 (with 10 as the step size).

Multilayer perceptron. We conduct hand-written digit recognition task on MNIST with a three-layer multilayer
perceptron following this repository1 . The size of each digit image is 28 × 28, which is 784 dimensions after
flattened. Both hidden layers have 256 output dimensions, i.e., 256 neurons. The output layer will output 10
logits for classification. Finally, we use a cross-entropy loss with softmax function. We use the momentum SGD
optimizer with learning rate 0.01, momentum 0.9 and batch size 100. The training stops at 100 epochs.

Convolutional neural networks. The network architectures used in the main paper are specified in Table 7.
For all experiments, we use the momentum SGD optimizer with momentum 0.9. For CIFAR-100, we set the
mini-batch size as 128. The learning rate starts at 0.1, and is divided by 10 when the performance is saturated.
For ImageNet-2012, we use the mini-batch size 128 and the training starts with learning rate 0.1. The learning
rate is divided by 10 when the performance is saturated, and the training is terminated at 700k iterations. The
structure of ResNet-18 mostly follows [31]. Note that, for all the methods in our experiments, we always use the
best possible hyperparameters for the corresponding regularization (via cross-validation) to make sure that the
comparison is fair. The baseline has exactly the same training settings as the others. Standard `2 weight decay
(5e−4) is applied by default to all the methods.

Graph networks. We implement the all the hyperspherical uniformity regularizations for GCN in the official
repository2. All the hyperparameter settings exactly follow this official repository to ensure a fair comparison.

Point cloud networks. To simplify the comparison and remove all the bells and whistles, we use a vanilla
PointNet (without T-Net) as our backbone network. We apply OPT to train the MLPs in PointNet. We follow
the same experimental settings as [62] and evaluate on the ModelNet-40 dataset [82]. We exactly follow the

1https://github.com/hwalsuklee/tensorflow-mnist-MLP-batch_normalization-weight_initializers
2https://github.com/tkipf/gcn

https://github.com/hwalsuklee/tensorflow-mnist-MLP-batch_normalization-weight_initializers
https://github.com/tkipf/gcn
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same setting in the original paper [62] and the official repositories3. Specifically, we use the hyperspherical
uniformity regularizations to regularize all the 1×1 convolution layers and the fully connected layer (except the
final classifier). For the experiments, we set the point number as 1024 and mini-batch size as 32. We use the
Adam optimizer with initial learning rate 0.001. The learning rate will decay by 0.7 every 200k iterations, and
the training is terminated at 250 epochs.

Generative adversarial networks. The architecture we use for the GAN experiments is shown in Table 8.
For fair comparison, all the hyperparameter settings exactly follow [57]. We use leaky ReLU (LReLU) in the
newtork and set the slopes of LReLU functions to 0.1.

L.1 Experimental details for Fig. 2

For the experiment in Fig. 2, we use 200 3-dimensional neurons. The momentum SGD optimizer (with momentum
0.9) is used to optimize these hyperspherical uniformity objectives. The learning rate starts at 0.01 and is divided
by 10 at 5k iterations. The optimization stops at 8k iterations. In Fig. 2(a), the y-axis denotes the value of
hyperspherical energy. In Fig. 2(b), the y-axis denotes the value of separation distance. We did not visualize
MHP, since the true objective value of MHP is difficult (also time-consuming) to compute. For MHE, we use
half-space MHE with s = 2. For MHC, we use one-step gradient descent to approximate the inner optimization
and also adopt the relaxed formulation with γ = 5. For MGD, we use Gaussian kernel with ε = 1.

L.2 Experimental details for Fig. 3

For the visualization experiment in Fig. 3, we optimize 100 3-dimensional neurons on the unit sphere. The
training hyperparameters are the same as Section L.1.

3https://github.com/charlesq34/pointnet

https://github.com/charlesq34/pointnet

