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Trade-off: approximation ability, computational efficiency, and By the Theorem, we can obtain the implicit nonparametric Coupled Variational Bayes (CVB)
sample complexity. transformation from (x,¢) € R? x Zto zy¢ € RP as 1. Initialize 6, V and W (the parameters of v and z°) randomly, set length of
Contribution: Zy g = argmax log Py (X|Zx¢) — log v (X, Zx¢) - (1) steps T and mirror function 7.
We proposed coupled variational Bayes (CVB) algorithm that 2 ¢€RP Set 2%(x, &) = hw(x, ).
» hinges the primal-dual view of the ELBO for efficient computation; Optimization Embedding with Mirror Descent Algorithm (MDA): 2. for iteration.k. =1.....K go
» exploits the optimization embedding technique for flexible posterior; zl ., = argmax < g (x, z§€19>> D, (Z§}7972)7 3: San?nple mini-batch {x;}", from dataset D, {z}:", from prior p(z), and
» couples the variational families with the model parameters for better ZER! 7 ]fg"r}!r;r;rtc.)(:?] '? (g)i T do
sample complexity. :f1( (x,zH)Jrf( )) 4 teration t=14,..., |
P PIEXY I\ Zxei e 5. Compute z! (x, €) for each pair of {x;, &}7 .
where g (x.2;)) = Valogpy (xlzic) ~ Velog v (x,20ci). . Descend V with Vv Y17, [iv (x2) ~ log v (3 2] (6.0))]
Dw (Z1 : Zg) = W (Zg) [w (21) <Vw (Z1) Zo — Z1>] IS the Bregman & znd fo; 0 by stochasti dient (2
Variational Bayes: Given a generative model, py(x, z) = ps(x|2)p(2), divergence, and f(-) = Vw (). 2: A:gzzd Wr)sgc f;%grﬁo en ((x\)z.T(x &) — log vy (x, 27 (x,))]
with x € R? as the observations, z € R’ latent variables, and ¢ as the The MDA algorithm naturally establishes nonparametric function that 10: ond for Y VW 2.i=1 ['08 Pp o \As gV A 4p (A -
parameters, maps from R? x = to R’ to approximate the mapping defined by (1), |
log Ps(X) = log / o(X, 2)dz 2y (X,€) & Zy e = argmax log Py (X|Zx¢) — logv (X, Zxe) - Efficiency in Sample Complexity
X,€
> Kz q,(z1x) [log Po(X, Z) — log qs(Z|X)] . Unbiased Gradient Estimator: We have the surrogate as C\'\/"Bet(g‘?gﬁn ) 'Og_gé’f%“
Existing variational distributional families: maxZ(@) = min /(v,0), CVB (32-dim) -84.0
. . : : 6 veEH AVB + AC (8-dim) —89.6 [Mescheder et al., 2017]
» Reparametrized density: Deep model parametrized simple | . ] - AVB + AC (32-dim) —80.2 [Mescheder et al., 2017]
distributions, e.g., with £ (v, 0) := jxw[‘bgwp(g) [|0g Py (X\Ze (X, 5)) — log v (X7 zy (X, f))] + DRAW + VGP ~79.9 [Tran et al., 2015]
. DI [y( ) _ VAE + IAF —79.1 [Kingma et al., 2016]
qs(2]X) := N (2| ps,(x), diag (0%, (X)) Dzenpote i (X, 2) = argmin, ;, £ (v.), we have the unbiased gradient VAE + NF (T =80) -85.1 [Rezende and Mohamed, 2015]
ith x) and o,,(x) as neural networks estimator w.r.t. 4 as ) comvias + VLT = 10) “olgsaimans etal, 270l
With s, ( & I< FRS. o N l _ _ VAE + HVI (T = 16) —85.5 [Salimans et al., 2015]
Disadvantages: Simple densities restrict the approximation ability. aL(e) . 9 log py (X|2) . 8 log py (X|2) 0z (x,€) VINIST =8 . MINIST r=32
» Tractable flow-based model: 06 TPTEPONT00 ez ixe) 0z le=zfe) 00 180- 180-
T —1 i * T ] |
O7T; B Ologv; (X, Z) 0z, (x,§) 2 160 2 160-
gk (2|x) = qo(z|x) | | detﬁ Ex~pEcpe) 9z leze 90 | (2) % a0 % 100
t=1 ) o 0 120
withz' =T70T7_10...07; (zo) and Zp ~ Qo (Z|x). Generalliza.ltio.n: | | | | % +20 % 122
| - - , N i | The Optimization Embedding technique can be generalized with 100- o0
Dlsadvantages' I)! {ﬂ}t—1 must |nvert|ble, ")! |detﬁ IS expensive arbitrary differentiable a|gori’[hm besides the MDA. sol Mt R N N A S I i e
for general 7;. 5 15 25 35 45 55 65 75 85 95 5 15 25 35 45 55 65 75 85 95
# training epochs # training epochs
Optimization Embedding as Gradient Flow Figure: Convergence speed comparison in terms of number epoch on MNIST.

Key Component I: Primal-Dual view of ELBO

_ _ Theorem For a continuous time t = n T and infinitesimal step size Generative Ability
Theorem [Primal-Dual reformulation of ELBO] We can reformulate n — 0, the density of the particles z' € R', denoted as q; (z|x), follows _
the ELBO nonlinear Fokker-Planck equation Ce 985D PSR, | O Y d 7
< — ! l Z a 7
max — Lz.gy(z|x) llog ps(X, Z) — log Q¢(Z|X)]a 09t (2|x) — _V. A 707 o ‘/
o g(z|x)eP o V- (q(z]x) gt (X, 2)), $731 93 02 | G § ¥ &
equivaiently as _ _ if gt (x,2) .= Vlog py (x|2) — Vzlogv; (x,2) with v} (x,2) = qg(zg)_ R EA A s 03 9 8¢ 67
min  Eyep[Eeop () max log Py (X|2Zcc) — log v (X, Zx.) Such process is a gradient flow of KL-divergence in the space of 63765 70 b 73+ 7 # 4
vEH 2x.c€ measures with 2-Wasserstein metric. k2 A3 7 b #£ 3 0O 9+ 7 Z 4
+ Epopo [W(X, 2)]] — 1, 4P 9 6 + 3 3A6a7
where H. = {h RY fo%IRg} p: (-) denotes some simple Flexibility in Posterior Approximation L B9 /g 8 ¥ 5 <€ g & ; 7
distribution and the optimal v; (x, z) = qj.f(zz‘;(). . -

Proof sketch: The primal-dual formulation of ELBO is derived based
on Fenchel-duality of KL-divergence, i.e.,

KL (ql|p) = <q, logg> — max (. log 1) — (p, ) + 1

v>0

and interchangeability principle [Dai et al. 2016].
» Nonparametric representation of g: We are able to represent the
distributional operation on g by local variables zy ..

» Efficient computation: We can avoid the computation of log-det of
Jacobian.
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