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Empirical Generalization of Neural Networks

How the network is structured. How the network is trained.

Optimization landscape Optimization path



Motivation I: Over-parameterization (1)

[Gunasekar et al. Implicit regularization in matrix factorization, NeurIPS 2017]

● Gradient descent on f(U,V) finds better global minima.

● Gadient decent on f(U,V) yields minimal nuclear norm solution.



Motivation I: Over-parameterization (2)

● In neural network, what if we directly replace all the inner produces with 
the following bilinear form:

[Liu et al. Neural Similarity Learning, NeurIPS 2019]



Motivation II: Minimum Hyperspherical Energy

● Hyperspherical Uniformity
○ Hyperspherical energy characterizes the neuron diversity on the unit hypersphere:

○ Lower hyperspherical energy leads to better empirical generalization.

[Liu et al. Learning towards Minimum Hyperspherical Energy, NeurIPS 2018]
[Liu et al. Learning with Hyperspherical Uniformity, AISTATS 2021]

Sum of pair-wise similarity



A principled training framework for neural networks

● Making use of the over-parameterization from linear matrix multiplication

● Naturally guarantee the minimum hyperspherical energy

● Compatible with different network architectures and different optimizers



Orthogonal Over-parameterized Training

Neuron
weight

● If we initialize each element of the neuron with zero-mean Gaussian, then 
we can prove that it follows uniform distribution on the hypersphere.

● Our framework:

Orthogoanl 
matrix



Why orthogonal?

● Training dynamics of hyperspherical energy

Even the baseline CNN starts with a very small hyperspherical energy!



Ways to guarantee orthogonality

● Unrolling orthogonalization algorithms, eg., Gram-Schmidt Process, 
Householder reflection, Lowdin’s Symmetric Orthogonalization

● Orthogonal parameterization:

● Orthogonality-preserving gradient descent (a special case of manifold 
gradient decent)

● Orthogonality as a regularization:



Intriguing Insights and guarantees

● More convex and smooth loss landscape

● Provable generalization: the training loss is on the order of the square norm of 
the gradient and the generalization error will have an additional term

Standard Training Standard TrainingOPT OPT



Ablation and exploratory experiments

FN: whether neurons are fixed after initialization
LR: whether we enforce orthogonality on R.

CIFAR-100 CIFAR-100

Different initial energy

Training dynamics



Results on training different neural networks

Training convolutional neural networks

Training graph convolution networks and 
point cloud networks

Training few-shot learning networks



What if the orthogonal matrix gets too large?

● Stochastic Orthogonal Over-parameterized Training
○ Approximating a large orthogonal transformation with many small ones.

○ Similar to the idea of DropOut

○ Randomly selecting a subset of the neuron dimensions in each iteration and perform OPT on 

this subset



Experimental Results

Training convolutional neural networks

Sampling dimension



Large Categorical Training

● An interesting application is to apply OPT to the classifier layer (as 
comparison, the other layers are trained normally)

● It enables scalable categorical training (many classes)

ImageNet (1K classes)

CASIA-WebFace (10K classes)

Visualization on MNIST


